Introduction
The attention which has been devoted to quantum deformations [1, 2] of Lie algebras in the last years is motivated by their appearance in many problems of great physical interest, in statistical mechanics as well as in nonlinear dynamical systems, in conformal theories as well as in solid state physics. Recently, it has been also recognized [3] that quantum deformations appear whenever a discrete (space or time) length characterizes the system under study. Our aim in the present paper is to explicitly express the time evolution generator of the damped harmonic oscillator and the generator of the thermal Bogolubov transformations in terms of operators of the quantum deformation of the WeylHeisenberg algebra. We thus establish the relation of quantum Weyl-Heisenberg algebra with the hamiltonian of the damped harmonic oscillator and with thermal field theories.
One aspect of physical interest which emerges from our study relies in the fact that the quantum deformation parameter turns out to be related with time parameter in the case of damped harmonic oscillator and with temperature in the case of thermal field theory. In both cases, the quantum parameter acts as a label for the unitarily inequivalent representations of the canonical commutation relations in which the space of the states splits in the infinite volume limit (in the case of damped harmonic oscillator the unitarily inequivalent representations are spanned by the time evolution operator, in the case of finite temperature field theory they are spanned by the generator of the Bogolubov transformations). Such a conclusion confirms a general analysis [4] which shows that the Weyl representations in Quantum Mechanics and the unitarily inequivalent representations in Quantum Field Theory are indeed labelled by the deformation parameter of the quantum Weyl-Heisenberg algebra. In some sense the present results, providing explicit physical examples, confirm and clarify the rôle of quantum deformations in specific applications as dissipative systems and finite temperature systems. In refs. 5-8 some aspects of dissipation in Quantum Field Theory have been studied by considering the canonical quantization of damped harmonic oscillator and it has been proven that the space of the physical states splits into unitarily inequivalent representations of the canonical commutation relations in the infinite volume limit. Also, it has been realized that canonical quantization of the damped harmonic oscillator leads to SU (1, 1) time-dependent coherent states, which are well known in high energy physics as well as in quantum optics and thermal field theories. Moreover, dissipation phenomena and squeezed [9] coherent states have been mathematically related, thus showing their common physical features [5] . In Sec. 2 we will summarize the formalism for the canonical quantization of the damped harmonic oscillator. Quantum deformations of Lie algebras are well studied mathematical structures and therefore their properties need not to be presented and discussed again in this paper; we only recall that they are deformations of the enveloping algebras of Lie algebras and have Hopf algebra structure. In particular the quantum Weyl-Heisenberg algebra has the properties of graded Hopf algebra [10] . In Sec. 3
we will present the realization of quantum Weyl-Heisenberg algebra in terms of finite difference operators over the set of the entire analytic functions [3] . In this work we do not study the rôle of the coproduct operation neither we investigate the superalgebra features of quantum Weyl-Heisenberg algebra in connection with our physical examples. We plan to study such topics in the future. Finally, in Sec. 4, the formal relation between the damped harmonic oscillator Hamiltonian and the quantum Weyl-Heisenberg algebra is established. The relation of quantum Weyl-Heisenberg algebra with thermal field theory at real time (thermo field dynamics [11, 12] ) is also shown in Sec. 4. Sec. 5 is devoted to the conclusions. A preliminary discussion on the subject of the present paper has been presented in ref. 13 .
The canonical quantization of the damped harmonic oscillator
The Feshbach and Tikochinsky [14] quantum hamiltonian is
where
; Ω is the frequency. The modes α and β refer to the damped oscillator with classical motion equation: 4) and to its time-reversed image:
respectively. As discussed in ref. 14 and refs. 5-8, the introduction of the β (or y) oscillator is required in order to set up the canonical quantization scheme. In ref.
8 it has been shown that, at quantum level, the β modes may allow quantum noise effects arising from the imaginary part of the action. By using the canonical linear
, H may also be written as
where the decay constant for the classical variable x(t) is denoted by Γ ≡ γ 2m . We note that the states generated by B † represent the sink where the energy dissipated by the quantum damped oscillator flows: the B-oscillator represents the (single-mode) reservoir or heat bath coupled to the A-oscillator.
The dynamical group structure associated with the system of coupled quantum oscillators is that of SU (1, 1). We also observe that [
The time-evolution of the vacuum
Eq. (2.9) express the instability (decay) of the vacuum under the evolution operator exp −it
We note that |0(t) > is a two-mode Glauber coherent state [15, 16] .
Time evolution transformations for creation and annihilation operators are
and h.c., and the corresponding ones for A(t), B(t) and h.c.. We note that (2.10) are canonical transformations preserving the canonical commutation relations (2.3).
The signs of sinh (Γt) in (2.10a) and (2.10b) show that α and β are each other time-reversed. From eq. (2.1) we see that the time-evolution operator U(t) may be written as
In ref.
7 it has been shown that the proper way to perform the canonical quantization of the damped harmonic oscillator is to work in the framework of Quantum Field Theory . For many degrees of freedom U(t) is formally (at finite volume) given by
(2.12)
We still have [ H 0 , H I ] = 0 and the ground state is (at finite volume V )
13)
in the infinite-volume limit we have (for d 3 κ Γ κ finite and positive)
At each time t a bona fide representation {|0(t) >} of the canonical commutation relations is defined and turns out to be unitarily inequivalent to any other representation {|0(t ′ ) > , ∀t ′ = t} in the infinite volume limit. In such a way the quantum damped harmonic oscillator evolves in time through unitarily inequivalent representations of canonical commutation relations (tunneling). As usual one works at finite volume and only at the end of the computations the limit V → ∞ is performed. Finally, in refs. 6 and 7 it has been shown that the representation {|0(t) >} is equivalent to the thermo field dynamics representation {|0(β(t) > , β(t) ≡ 1/KT (t)}, thus recognizing the relation between the damped harmonic oscillator states and the finite temperature states.
In particular, one may introduce the free energy functional for the A-modes
where H A is the part of H 0 relative to A-modes only, namely H A = κh Ω κ A † κ A κ , and the entropy S A is given by
One then considers the stability condition 17) which is the Bose distribution for A κ at time t. {|0(t) >} is thus recognized [7] to be a representation of the canonical commutation relations at finite temperature, equivalent to the thermo field dynamics representation {|0(β) >} [11, 12] .
The quantum deformation of the Weyl-Heisenberg algebra
We now introduce the realization of quantum Weyl-Heisenberg algebra in terms of finite difference operators [3] in order to establish a formal relation with the damped harmonic oscillator hamiltonian.
Since we want to preserve the analytic properties of Lie algebra in the deformation procedure, we adopt as a framework the Fock-Bargmann representation in Quantum Mechanics [15] (we observe that, by working in the Fock-Bargmann representation, quantum Weyl-Heisenberg algebra is incorporated into the theory of the (entire) analytic functions, a result which is by itself interesting [3] ).
In the Fock-Bargmann representation the operators
provide a realization of the Weyl-Heisenberg algebra
The Hilbert space F is identified with the space of the entire analytic functions and has well defined inner product. The wave functions ψ(z) are expressed as
3)
The set {u n (z)} provides an orthonormal basis in F . Eq. (3.3) provides the most general representation of an entire analytic function. The conjugation of the operators introduced in eq. (3.1) is defined with respect to the inner product in F [15] .
Next we consider the finite difference operator D q defined by:
with f ∈ F , q = e ζ , ζ ∈ C. D q is the well known quantum derivative operator and, for q → 1 (i.e. ζ → 0), it reduces to the standard derivative. We can write the algebra
which is recognized to be the quantum deformation of the Weyl-Heisenberg algebra. In fact, let us introduce the following operators in the space F :
whereâ q =â q=1 = a † and lim q→1 a q = a. The quantum Weyl-Heisenberg algebra, in terms of the operators {a q ,â q , N ≡ N q ; q ∈ C}, is then realized by the relations:
By introducingā q ≡â−N/2 , it assumes the more familiar form [2] [N,
The finite difference operator algebra (3.7) thus provides a realization of the quantum Weyl-Heisenberg algebra in the Fock-Bargmann representation. We can show that the commutator [a q ,â q ] acts in F as follows [3] [a q ,â q ]f (z) = q
The quantum deformation of the Weyl-Heisenberg algebra is thus strictly related with the finite difference operator D q (q = 1). This suggests to us that the quantum deformation of the operator algebra should arise whenever we are in the presence of lattice or discrete structure [3] . In the following we show that this indeed happens in the case of damping where the finite life-time τ = 1 Γ acts as the time-unit for the system.
Dissipation, finite temperature and quantum Weyl-Heisenberg algebra
In this section we finally express the time evolution generator of damped harmonic oscillator and the generator of the finite temperature Bogolubov transformations in terms of the commutator [a q ,â q ] of the quantum Weyl-Heisenberg algebra.
In the Fock-Bargmann representation Hilbert space F we have the identity
where z ∈ C,
and [z, p z ] = ih. The conjugation ofã andã † is as usual well defined with respect to the inner product defined in F [15] .
We note that, by setting Re(z) = x,ã → α andã † → α † in the limit Im(z) → 0, where α and α † denote the annihilation and creation operators introduced in eqs. (2.2). By putting q = e θ with θ real and by using eq. (4.1) we can easily check that the operator
generates the Bogolubov transformations:
and h.c.. We then observe that in the limit Im(z) → 0 eq. (4.4) and its h.c. givẽ
and h.c.. We also observe that the right hand side of (4.3) is an SU (1, 1) group element. By defining 1 2ã
we easily see they close the su(1, 1) algebra. We remark that the transformation (4.5), which is a canonical transformation, is exactly the one which relates the Weyl representations of the canonical commutation relations in Quantum Mechanics [4] and thus the deformation parameter q = e θ acts as a label for the Weyl representations.
Next, we introduce the quantum Weyl-Heisenberg algebra operators b q ′ and b q ′ corresponding to the doubled degree of freedom β introduced in Sec. 2 in order to set up the canonical quantization of the damped harmonic oscillator; letb and b † be defined, in a similar way toã andã † , bỹ
Then we see that the operator
with q ′ = q −1 , acts as the time evolution operator U(t) (cf. eq. (2.12)) in the limits Im(z) → 0 and Im(ζ) → 0 provided we set q = e θ , with θ ≡ Γt:
as Im(z) → 0 and Im(ζ) → 0 . Eq. (4.9) is the wanted expression of the time-evolution generator of the damped harmonic oscillator in terms of the quantum Weyl-Heisenberg algebra
For many degrees of freedom, the Bogolubov transformations, corresponding to eqs. (2.10), can be implemented for every κ as inner automorphism for the algebra su(1, 1) κ . As shown in ref. 7 , at every time t we have a copy {A κ (t), A † κ (t), B κ (t), B † κ (t) ; |0(t) > | ∀κ} of the original algebra induced by the time evolution operator which can thus be thought of as a generator of the group of automorphisms of κ su(1, 1) κ parameterized by time t (we have a realization of the operator algebra at each time t, which can be implemented by Gel'fandNaimark-Segal construction in the C*-algebra formalism). Notice that the various copies become unitarily inequivalent in the infinite-volume limit, as shown by eqs.
(2.14): the space of the states splits into unitarily inequivalent representations of the canonical commutation relations each one labelled by time parameter t. Our discussion can be then generalized to the case of many degrees of freedom by observing that eq. (4.9) holds for each couple of modes (α κ , β κ ) and formally we have
where q = e θ κ , θ κ ≡ Γ κ t, q ′ = q −1 , Im{z, ζ} denotes the imaginary part of FockBargmann representation z-and ζ-variables associated to each α κ and β κ mode and U(t) is given by eq. (2.12). Notice that for simplicity of notation here q denotes q κ .
We can then conclude that, through its time dependence, the deformation parameter q(t) labels the unitarily inequivalent representations {|O(t) >}.
On the other hand, we also observe that eq. (4.10) leads to representation of the generator of the thermal Bogolubov transformation in terms of the operators
indeed, by resorting to the discussion of Sec. 2 where the representation {|O(t) >} for the damped harmonic oscillator has been shown to be the same as the thermo field dynamics representation {|O(β(t)) >} (see refs. 6-7), we also recognize the strict relation between quantum Weyl-Heisenberg algebra and finite temperature Quantum Field Theory .
As a matter of fact, from eq. (2.17) we can set θ κ (t) ≡ θ κ (β(t)) and the operator G ≡ κ exp θ κ (β(t)) A κ † B κ † − A κ B κ indeed implements the (timedependent) finite temperature Bogolubov transformation in thermo field dynamics [7, 11, 12] .
We finally remark that the derivation of eq. (4.10) (and (4.8)) holds even independently of the above discussion of the damped harmonic oscillator quantization and, by setting θ κ = θ κ (β), we see that the operator κ [a κ,q ,â κ,q ][b κ,q ′ ,b κ,q ′ ] leads to the generator of the Bogolubov transformations in conventional thermo field dynamics in the Im{z, ζ} → 0 limit: quantum Weyl-Heisenberg algebra thus appears as the natural candidate to study thermal field theories, too.
Conclusions
We have shown that κ [a κ,q ,â κ,q ][b κ,q ′ ,b κ,q ′ ] acts as time-evolution operator for the damped harmonic oscillator and as generator of thermal Bogolubov transformation in the Im{z, ζ} → 0 limit.
In the discussion presented above a crucial rôle is played by the existence of infinitely many unitarily inequivalent representations of the canonical commutation relations in Quantum Field Theory . In ref. 4 the quantum Weyl-Heisenberg algebra has been discussed in relation with the von Neumann theorem in Quantum Mechanics and it has been shown on a general ground that the quantum deformation parameter acts as a label for the Weyl systems in Quantum Mechanics and for the unitarily inequivalent representations in Quantum Field Theory; the mapping between different (i.e. labelled by different values of q) representations (or Weyl systems) being performed by the Bogolubov transformations (at finite volume). In this paper we have shown by the explicit examples of damped harmonic oscillator and finite temperature systems the physical meaning of such a labelling (further examples are provided by unstable particles in Quantum Field Theory [17] , by quantization of the matter field in curved space-time [18] , by theories with spontaneous breakdown of symmetry where different values of the order parameter are associated to different unitarily inequivalent representations (different phases)). In the case of damping, as well as in the case of time-dependent temperature, the system time-evolution is represented as tunneling through unitarily inequivalent representations: the non-unitary character of time-evolution (arrow of time) is thus expressed by the non-unitary equivalence of the representations in the infinite volume limit. It is remarkable that at the algebraic level this is made possible through the quantum deformation mechanism which organizes the representations in an ordered set by means of the labelling. In ref.
3 it has been also shown that the commutator [a q ,â q ] acts as squeezing generator (indeed the operatorŜ(θ) in eq. (4.3) acts like the squeezing generator with respect toã andã † operators), a result which together with the conclusions of this paper confirms the relation between dissipation and squeezed coherent states exhibited in ref. 5 . In turn, quantum groups have been also shown [19] to be the natural candidates to study squeezed coherent states. The above remarks strongly suggest to us that quantum deformations are mathematical structures which are characteristic of basic, deep features of Quantum Field Theory and much work still needs to be done to fully investigate the relation between Quantum Field Theory and quantum groups. For example, in this paper we have not studied the rôle played by the coproduct operation of the quantum deformation. We plan to study this subject in the future.
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